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1. INTRODUCTION 

Let F be a field and C = F — Vect. Let M be a right iL-module and a right iJ-comodule. If, for all 
m G M and h G H, we write m.h for the action and we use the Sweedler notation /9 m(w) = iR[o] ® wji] 
for the coaction, we will say that M is a Hopf module if the equality 

PMijn.h) = m[o]./i(i) ® m[i]/i(2) 

holds, where Snih) = ®/i( 2 ) is the coproduct of H and m[i]Ii( 2 ) the product in H of mqj and h[ 2 )- A 

morphism between two Hopf modules is a F-linear map that is iJ-linear and iJ-colinear. Hopf modules 
and morphisms of Hopf modules constitute the category of Hopf modules denoted by Al)|. In 1969 
Larsson and Sweedler proved a result, called Fundamental Theorem of Hopf Modules, that asserts the 
following: If M € = {m G M \ pM(jn) = I//} are the coinvariants of H in M, M is 

isomorphic to M‘^°^ 0 iJ as Hopf modules (see m and [H]). On the other hand, if A is a F-vector space, 
the tensor product A O iL, with the action and coaction induced by the product and the coproduct of 
H, is a Hopf module. This construction is functorial, so we have a functor F = — ® H : C ^ -^h- Also, 
for all M G Al||, the construction of M‘^°^ is functorial and we have a functor G = ( )°°^ : —>■ C 

and F H G. Moreover, F and G is a pair of inverse equivalences, and therefore, is equivalent to the 
category of F-vector spaces. 

The Fundamental Theorem of Hopf Modules also holds for weak Hopf algebras as was proved by Bohm, 
Nill and Szlachanyi in [3. In this case, if iJ is a weak Hopf algebra, the category of Hopf modules is 
defined in the same way as in the Hopf algebra setting. For M G the coinvariants of A in M are 

defined by = {m G M \ pM(jn) = ^[o] 0 n^(m[i])}, where is the target morphism associated 

to A. Then, Bohm, Nill and Szlachanyi proved that M is isomorphic to M‘^°^ ®Hl H as Hopf modules, 
where A^ is the image of H)^. Moreover, if Ch^ is the category of right A^-modules, there exist two 
functors F = — H : Chl ^ ~ ^ Chl such that F is left adjoint 

of G and they induce a pair of inverse equivalences (see [7]). Therefore, in the weak setting, is 

equivalent to Chl ■ In this case, is a relevant fact the following property: the tensor product H 

is isomorphic as Hopf modules to x A where x A is the image of a suitable idempotent 

Vm : 0 A —>■ 0 A. Note that, as a consequence, in the weak framework the Fundamental 

Theorem of Hopf Modules can be written using x A instead of M‘^°^ ®Hl H. 
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In the two previous paragraphs we spoke about associative algebraic structures like Hopf algebras 
and weak Hopf algebras. Recently Klim and Majid introduced in nni the notion of Hopf quasigroup as 
a generalization of Hopf algebras in the context of non-associative algebra, in order to understand the 
structure and relevant properties of the algebraic 7-sphere. A Hopf quasigroup is a particular instance 
of unital coassociative i7-bialgebra in the sense of Perez Izquierdo m, and it includes as example the 
enveloping algebra of a Malcev algebra, when the base ring has characteristic not equal to 2 nor 3. In this 
sense Hopf quasigroups extend the notion of Hopf algebra in a parallel way that Malcev algebras extend 
the one of Lie algebra. On the other hand, it also contains as an example the notion of quasigroup algebra 
of an I.P. loop. Therefore, Hopf quasigroups unify I.P. loops and Malcev algebras in the same way that 
Hopf algebras unify groups and Lie algebras. For these non-associative algebraic structures, Brzezihski 
introduced in the notion of Hopf module and he proved a version of the Fundamental Theorem of Hopf 
Modules. In this case, the main difference appears in the definition of the category of Hopf modules 
because the notion of Hopf module reflects the non-associativity of the product defined on id, and the 
morphisms are i7-quasilinear and iJ-colinear (see Definition 3.4 of [5]). In Lemma 3.5 of [5], we can find 
that, if M G and is defined like in the Hopf algebra setting, M is isomorphic to 0 77 as 

Hopf modules. Moreover, there exist two functors F = : C ^ and G = ( : Ad^ —>■ C such 

that 7^ H G, and they induce a pair of inverse equivalences. Therefore, in this non-associative context 
Mg is equivalent to the category of F-vector spaces as in the Hopf algebra ambit. 

Working in a monoidal setting, in [5] we introduce the notion of weak Hopf quasigroup as a new Hopf 
algebra generalization that encompass weak Hopf algebras and Hopf quasigroups. A family of non-trivial 
examples of these algebraic structures can be obtained working with bigroupoids, i.e., bicategories where 
every 1-cell is an equivalence and every 2-cell is an isomorphism (see Example 2.3 of [5]). For a weak 
Hopf quasigroup 77 in a braided monoidal category C with tensor product 0, using the ideas proposed 
by Brzezihski for Hopf quasigroups, in |2] we introduce the notion of Hopf module and the category 
of Hopf modules Adg. In this case, if we define in the same way as in the weak Hopf algebra 

setting, we obtain a version of the Fundamental Theorem of Hopf Modules in the following way: all Hopf 
module M is isomorphic to M‘^°^ x 77 as Hopf modules, where x 77 is the image of the same 

idempotent Vm used for Hopf modules associated to a weak Hopf algebra. Moreover, in [3] we proved 
that 77 l, the image of the target morphism, is a monoid and then it is possible to take into consideration 
the category Chl > to construct the tensor product M‘^°^ ®Hl H, and, if the functor — 0 77 preserves 
coequalizers, to endow this object with a Hopf module structure. Unfortunately, it is not possible to 
assure that M‘^°^ ®Hl H is isomorphic to M‘^°^ x 77 as in the weak Hopf algebra case. In this paper 
we find the conditions under which these objects are isomorphic in A4|^. Then, as a consequence, we 
introduce the category of strong Hopf modules, denoted by SM^ and we obtain that there exist two 
functors F = — ®Hl H : Ch^ SM^ and G = ( Y°^ : SM^j —>• Cri, such that F is left adjoint 
of G and they induce a pair of inverse equivalences. In the Hopf quasigroup setting all Hopf module is 
strong, and then our results are the ones proved by Brzezihski in [^. Also, in the weak Hopf case, all 
Hopf module is strong and then we generalize the theorem proved by Bohm, Nill and Szlachanyi in [3] . 

2. Weak Hope quasigroups 

Throughout this paper C denotes a strict braided monoidal category with tensor product unit object 
K and braiding c. For each object M in C, we denote the identity morphism by id^ : M ^ M and, for 
simplicity of notation, given objects M, N and P in C and a morphism f : M ^ N, we write P ® f for 
idp® f and f for f ^ id p. We want to point out that there is no loss of generality in assuming that C 

is strict because by Theorem 3.5 of [Hj (which implies the Mac Lane’s coherence theorem) every monoidal 
category is monoidally equivalent to a strict one. This lets us to treat monoidal categories as if they 
were strict and, as a consequence, the results proved in this paper hold for every non-strict symmetric 
monoidal category. 

From now on we also assume in C that every idempotent morphism splits, i.e., if V : K ^ K is such 
that V = V o V, there exist an object Z and morphisms i : Z ^ Y and p : Y ^ Z such that V = i op 
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and poi = idz- Note that, in these conditions, Z, p and i are unique up to isomorphism. There is no loss 
of generality in assuming that C admits split idempotents, taking into account that, for a given category 
C, there exists an universal embedding C —^ C such that C admits split idempotents, as was proved in 
[S]. The categories satisfying this property constitute a broad class that includes, among others, the 
categories with epi-monic decomposition for morphisms and categories with equalizers or coequalizers. 

Definition 2.1. By a unital magma in C we understand a triple A = {A,r]A, pa) where A is an object 
in C and rjA '■ K ^ A (unit), pA '■ A® A ^ A (product) are morphisms in C such that pA o {A® pa) = 
id A = PA ° iVA <8i ^)- If PA is associative, that is, pA o [A ® pa) = PA ° [pA ® A), the unital magma 
will be called a monoid in C. Given two unital magmas (monoids) A = [A^ pA, Pa) and B = {B, pb, Pb), 
f : A ^ B is a morphism of unital magmas (monoids) if pB o (/ ® /) = / o Pa and f o pA = Pb- 

By duality, a counital comagma in C is a triple D — (DjEut^d) where D is an object in C and 
Ed '■ D ^ K (counit). So ■ D ^ D®D (coproduct) are morphisms in C such that {ed®D)oSd = ido = 
{D ® Ed) o 5d- If 5d is coassociative, that is, {5d ® D) o 5d = {D ® Sd) o Sd, the counital comagma 
will be called a comonoid, li D = {D,ed,Sd) and E = {E,ee,Se) are counital comagmas (comonoids), 
f : D ^ E is a morphism of counital comagmas (comonoids) ii{f®f)odD = SE°f and ee o f = ed- 
If A, B are unital magmas (monoids) in C, the object A 0 i? is a unital magma (monoid) in C 
where pa®b = PA ® Pb and pa®b = {pA ® Pb) o (yl 0 cb,a ® B). In a dual way, if D, E are counital 
comagmas (comonoids) in C, I? (8> i? is a counital comagma (comonoid) in C where Ed®e = £d ® £e and 
dut^E = {D ® cd,e ® E) o (Sd ® Se)- 

Finally, if D is a comagma and A a magma, given two morphisms f,g:D^A we will denote hy f * g 
its convolution product in C, that is 

f * g = PAO if ® g) o Sd- 

Now we recall the notion of weak Hopf quasigroup in a braided monoidal category that we introduced 
in [2]. 

Definition 2.2. A weak Hopf quasigroup in C is a unital magma {H,ph, Ph) and a comonoid 
{H,eh,6h) such that the following axioms hold: 

(al) Sh o Ph = (ph ® ph) o Shi^h- 

(a2) Eh o PRO {pH ® H) = Eh o PH o {H ® pn) 

= {{sh o Ph) G {eh o Ph)) o {H ® Sh ® H) 

= {{eh o Ph) ® {sh o Ph)) o {H ® o Sh) ® H). 

(a3) {Sh ® H) o Sh o pn = {H ® pn ® H) o {{Sh o pn) ® {Sh o pn)) 

= {H® {pH o ®H)o {{Sh o Ph) ® {Sh o pn))- 
(a4) There exists Xh . H ^ H in C (called the antipode oi H) such that, if we denote the morphisms 
idn * Xh by H^ (target morphism) and Xh * idn by H^ (source morphism), 

(a4-l) = {{eh o Ph) ® H) o {H ® ch,h) o {{Sh o Ph) ® H)- 

(a4-2) ng = (iJ (8> {eh o Ph)) o {ch,h ® H) o {H ® {Sh o ph))- 
(a4-3) Xh * H^ = * Xh = Xh- 

(a4-4) PH o {Xh ® Ph) o {Sh ® H) = pn o (Hg ® H). 

(a4-5) Ph o {H ® pn) o {H ® Xh ® H) o {Sh ® H) = pn o (n|j ® H). 

(a4-6) PH o {pH ® Xh) o {H ® Sh) = ph o {H ® H^). 

(a4-7) Ph o {pn ® H) o {H ® Xh ® H) o {H ® Sh) = ph o {H ® n§). 

Note that, if in the previous definition the triple {H,ph, Ph) is a monoid, we obtain the notion of 
weak Hopf algebra in a braided monoidal category. Then, if C is the category of vector spaces over a field 
F, we have the monoidal version of the original definition of weak Hopf algebra introduced by Bohm, 
Nill and Szlachanyi in [5]. On the other hand, under these conditions, if eh and Sh are morphisms of 
unital magmas (equivalently, pn, Ph are morphisms of counital comagmas), = pn ®Eh- As 

a consequence, conditions (a2), (a3), (a4-l)-(a4-3) trivialize, and we get the notion of Hopf quasigroup 
defined by Klim and Majid in [101 Ibe category of vector spaces over a field F. 
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Below we will summarize the main properties of weak Hopf quasigroups. There are more, and the 
interested reader can see a complete list with the proofs in [2]. 

First note that, by Propositions 3.1 and 3.2 of [2], the following equalities 

* id}j = idn * = idn, ( 1 ) 


hold. Moreover, the antipode is unique, Xh o rjH = rjH, sh o Xh = £h, and, by Theorem 3.19 of |2], we 

_ 

have that it is antimultiplicative and anticomultiplicative. Also, if we define the morphisms IIj^ and 

_ 

by lifj = {H ® {eh o hh)) o {{6h o tjh) » H), = {{eh o hh) ® H) o {H ® {Sh o rjH)), we proved in 

Proposition 3.4 of [2], that 11^, n|j, IIj:^ and are idempotent. On the other hand, Propositions 3.5, 

3.7 and 3.9 of [2] assert that 


PH O 

{H(^U^) = 

= ((eff 0 

Ph) 

SH) 

0 (iJ (g 

) Cff,ff) O {Sh S H), 

(2) 

PH O 

(Bil S 

H) = 

--{HSi 

[sh o 

Ph)) 

O (cff.ff S H)o {H ^ Sh), 

(3) 


PH 0 

{H (g) 

nff) = 

{H (g) (eff 

°Ph)) 

0 {Sh S H), 

(4) 


PH 0 

(B^ 

SH) = 

((eff 

o ph) S H) 

o (id ig Sh), 

(5) 

(i7(g 

) B^) 0 

Sh - 

-- {pH S 

H) 0 

{H (g 

' Cff,ff ) 

o {{Sh o Ph) S H), 

(6) 

(Bg 

S H) 0 

Sh = 

-- {H (g) ph) 0 

(cff,ff S H) 

o (77 g {Sh °Vh)), 

(7) 


(Bff 

SH) 

II 

o 

{H (g 

5 Ph) 

0 {{Sh 

oph)SH), 

(8) 


{H (g 

)Bff) 

o 

II 

(PH ' 

SH) 

0(iJ(g 

1 {Sh 0 Ph)), 

(9) 


hold. Also, it is possible to prove the following identities involving the idempotent morphisms B^, B|j, 

_ 

B^, B^ and the antipode Xh (see Propositions 3.11 and 3.12 of my- 


B|,on^ = B|„ B|,on2 = B2, 


B^on|,=B^, 


tttL —L 




B^ ollff = B 


'-H " 

Iff' 


bS o = B? 




B^ o Xh = B|^ o n§ = Xh o B§, 


o = Bi 


B^on^=B^, 

B^ o = nf 


ff 


o Xh = B^ o = Xh o B 


^ff ! 


B^ = B^oAjf =Aff oB^, 


■ff 


Bff = B^ o Xh = Xh o B^. 


Moreover, by Proposition 3.16 of [2], we have 


Mff ° (Mff <^H)o{H(S> {{Ufi 0 i7) o Sh)) = Pff = Pff o (tiff ® Bg) o {H ^ Sh), 
^H o (B^ ® fin) o {Sh H) = ^h = ° {H ^ {^h o (B§ ® H))) o {Sh <S> H). 


( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 


On the other hand, if = Im{Ilj^), pl : H ^ and —>■ H are the morphisms such that 

B^ = iff o PL and o , 


ih 

Hl -- H 


Sh 

H®H 

{H®n^)oSH 


is an equalizer diagram and 

Mff 

_^ PL 

H(8)H _^ H -- Hl 

Pho{H® B^) 

is a coequalizer diagram. As a consequence, {Hl, tjhl = Pl o Vh, PHl = Pl o Ph o (*l <8) *l)) is a unital 
magma in C and {Hl, Ehl = £h ° iL,SH = (pl ’Si Pl) o Sh o ih) is a comonoid in C (see Proposition 3.13 
of [2]). Surprisingly, the product phl is associative because, by Proposition 2.4 of [3], we have that 

Sh o PH o {iL S H) = {pH S H)o {iL S Sh), 

Sh o PH o {H S ih) = {pH SH)o{H ^ ch,h) ° (Sh S iL)- 


(16) 

(17) 
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and, as a consequence, the following identities hold 

fiH o o (*L ® H)) ^H) = fiH O (iL ® Hh), (18) 

Hho{H iSi ifJ,H o {iL ® H))) = Hho {{fJ-H o (i/ (g) ii)) ® H), (19) 

® {fJ,H O (i/ 0 iL))) = o ifJ-H (g ih)- (20) 

By Proposition 3.9 of 0, m and the equality o o (n|^ 0 H^) = ° (^h ® n^), it is easy to 

show that ^Hl ° {Hl 0 i^Hh) = I^Hl ° (Mi/i, ®Hl) and therefore the unital magma Hl is a monoid in the 
category C. 

Definition 2.3. If i? is a monoid in C, we will say that B is separable if there exists a morphism 
qb '■ K ^ B ® B satisfying {^b ®B)o{B® qb) = [B® ^b) ° {qb 0l?) and fJ,B oqn = Vb- The morphism 
qb is called the Casimir morphism of B. If the first equality of the previous line holds and there exists a 
morphism £b ■ B ^ K such that {B 0 £b) o Qb = Vb = (ss 0 B) o qb, we will say that B is Frobenius. 

Proposition 2.4. Let H be a weak Hopf quasigroup. The monoid Hl is Frobenius separable. Therefore, 
if C is the category of vector spaces over a field F, Hl is semisimple. 

Proof. Let ■ K —>■ Hl®Hl and be the morphism defined by phl = {{pl’^^h)®Pl)o5hO‘>Ih- Then, 
using the same proof of the similar result proved for weak braided Hopf algebras in [T] (see Proposition 
2.19.), we obtain that qH[^ is the Casimir morphism of Hl because {p-Hl ® Hl) o [Hl 0 qHL) = = 

{Hl 0 PHl ) ° {<1Hl ® Hl) and phi^ o qn^ = tjhl ■ Also, {Hl 0 £hl ) ° QHl = VHl = {shl ® Hl) o qn^ and 
Hl is Frobenius. Finally, if C is the category of vector spaces over a field F, the semisimple character for 
Hl follows from m- □ 

Finally, if Hb = /m(n§), pB ■ H ^ Hb, and Ib '■ Hb —t H are the morphisms such that n|| = iB°PR 
andpijoifl = idnn, the pair {HbjIb) is the equalizer of Sh and (n||0B)o5//. Also the pair {Hb,Pr) is 
the coequalizer of pn and pnoill^^H). As a consequence, {Hb, PHr = Pr^Ph, PHr = PRopHo{iR^iR)) 
is a unital magma in C and {Hb, £Hr = £h o iR, = {pr ®Pr) oSh o iR) is a comonoid in C. In a similar 
way to mi)- (1201), we can obtain 

PH o {{pH o {iR 0 H)) ® H) = PH o {iB 0 Ph), (21) 

Pho{H ® {pH o {in 0 H))) = PRO {{pH o (B 0 i^)) 0 H), (22) 

/iff o (B 0 {pH o (B 0 iB))) = /iff o {pH 0 iff). (23) 

Then, it is easy to show that phr o {Hb 0 PHr) = PHr o {phr ® Hr) and therefore the unital magma 

Bff is a monoid in C. As a consequence, Hr is Frobenius separable with Casimir morphism phr = 
{pr ® {pr ° ^ff)) o (Iff o r/ff. Therefore, if C is the category of vector spaces over a field F, Hr is semisimple. 

3. Hopf modules, strong Hopf modules and categorical equivalences 

The definition of right-right B-Hopf module for a weak Hopf quasigroup B was introduced in [2]. If 
B is a Hopf quasigroup and C is the symmetric monoidal category F — Vect, we get the notion defined 
by Brzezihski in l6] for Hopf quasigroups. 

Definition 3.1. Let B be a weak Hopf quasigroup and M an object in C. We say that {M,(j)M, Pm) is 
a right-right B-Hopf module if the following axioms hold: 

(bl) The pair {M,pm) is a right B-comodule, i.e. pM '■ M —>■ M 0 B is a morphism such that 
(M 0 Eh) o pm = idu and {pM ® H) o pM = {M ® Sh) o Pm- 
(b2) The morphism (j)M : M ^ H ^ M satisfies: 

(b2-l) (j)M o{M ® Ph) = idM- 

(b2-2) Pm o (Sm = (<(>m ® Ph) o (M 0 ch,h 0 B) o {pM 0 Sh), i.e. (Sm is a morphism of right 
B-comodules with the codiagonal coaction on M 0 B. 

(b3) (j)M o {4 >m ® Aff) o (M 0 Sh) = (j)M o {M ® B^). 

(b4) o {(t>M 0 B) o {M 0 Aff 0 B) o {M 0 Sh) = (t>M o (AT 0 n|^). 

(b5) (f)M o ((/)M 0 B) o {M 0 0 B) o {M 0 Sh) = (j)M- 
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Obviously, if 77 is a weak Hopf quasigroup, the triple = Sh) is a right-right 77- 

Hopf module. Moreover, if Pm) is a right-right 77-Hopf module, the axiom (b5) is equivalent to 

(t>M o ® ng) o (M (g) Sh) = (j)M- Also, composing in (b2-2) with M <S) pn and M ® Sh have that 
(fiM o (A7 (g) o Pm = id-M, and if (M, (f>M, Pm), (N, 4>n, Pn) are right-right 77-Hopf modules, and there 
exists a right 77-comodule isomorphism a : 717 —>■ TV, the triple (717, (/)^ = a~^ o o (a (g) 77), pm) is a 
right-right 77-Hopf module (see Proposition 4.7 of El). 

By Proposition 4.3 of [2], we have that for all (717, pM, Pm) right-right 77-Hopf module, the morphism 
Qm ■= 4’m o (717 (g) \h) o Pm : M ^ M satisfies pM o Qm = (717 (g H^) o pM o qm and, as a consequence, 
qm is idempotent. Moreover, if 717°°^ (object of coinvariants) is the image of qm and pm ■ 717 —>■ 717'^°'^, 
iM '■ 717“^ — >■ 717 are the morphisms such that qm = *m o Pm and id.M'^oH = Pm o 7m, 


*M 

ivroH - K M 


Pm 


is an equalizer diagram. Also, 


ZJ *M 
jypcoH -^ 


(717 (g nfj) O PM 


Pm 




M®H 


M®H 


(717 (gn^) o PM 

is an equalizer diagram. Moreover, the following identities hold (see Remark 4.4 of my- 

(t>M o (<7 m ®H)o Pm = idM, 

Pm o(l>M o {iM ® 77) = {(pM ® 77) o (7 m 0 5h), 

PM OpM o {iM ® H) = PM o (pM o {iM g Hm). 

On the other hand, the morphism 

Vm := {pM g 77) o Pm o (pM o {iM g H) ■ 717“^ g 77 ^ 717°°^ g 77 


(24) 

(25) 

(26) 


is idempotent and the equalities 


Vm = {{pm o <(>m) g 77) o (Tm g (5 m), (27) 

(717“-^^ g Sh) o Vm = (Vm g 77) o (717“-^^ g ,5 m). (28) 

hold (see Proposition 4.5 of m)- If we define the morphisms 

COM ■■ (g) H ^ M, lum ■ M ^ <g) H, 

by ojm = (pM o (7 m g 77) and oj'm = {pm g 77) o pM- Then, wm o ^m = ^cTm and Vm = ^m ° Also, 
we have a commutative diagram 


McoH ^ jj 



McoH ^ 



Pm’^oh^h 


X 77 


where A7“°^ X 77 denotes the image oIVm andpM^o^^M, ^m^o^c^m are the morphisms such that 
iMcoHz^H = i^McoHy^H and iM^^^Hi^H °Pm“>H(^h = Vm- Therefore, the morphism 

(Sm = Pm’^°^®h ° a;M : 717 —>■ 717“^ x 77 
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is an isomorphism of right i/-modules (i.e. ^ = (o^M < 8 ) H) o p^) with inverse = 

° The comodule structure of x H is the one induced by the isomorphism aM Q^nd it 

is equal to 

® H) o 0 Sh) O 

As a consequence, the triple x H,(j)]^coHy^jj, pj^coHy-jj) where 

xH = PM'=°^0H ° 0 ph) o ® H), 

is a right-right i7-Hopf module (see Proposition 4.8 of m)- 

Finally, following Proposition 4.9 of [2], for the isomorphism of right Ff-comodules aM, the triple 
,Pm) is a right-right Ff-Hopf module with the same object of coinvariants of Pm)- 

Moreover, the identity (j)^ = (j)M ° {qm ® Ph) ° {pm ® H) holds and 

= m, (29) 

where o (M 0 Xh) o pM is the idempotent morphism associated to the Hopf module 

, Pm)- Finally, if V^, denotes the idempotent morphism associated to {M,(j)‘^, pm), we have 
that = Vm and then, for {M, (j)p^, p m) , the associated isomorphism between M and M‘^°^ x H 

is aM- Finally, (<^^)“" = holds. Note that the triple = Ph,Ph = Sh) is a right-right 

Ff-Hopf module and = cpn - 

Proposition 3.2. Let H be a weak Hopf quasigroup and let (M, (pM, Pm) be a right-right H-Hopf module. 
The following equality holds: 

pM o {iM 0 ph) = (pM o {iM 0 ph) o (Vm 0 H). (30) 

Proof. The equality holds because 

(pM o (iM ® Ph) o {V m ® H) 

= pM ° (qM ® Ph) o ((pm °(pM o {iM ® H)) 0 H) 

= (pM o {qM ® Ph) o {{{(pM 0 iF) o {iM 0 Sh)) 0 H) 

= (pM o {{(pM ° {M 0 Xh)) 0 FF) o {{pm o Pm o (*m ® H)) 0 pn) o {]VP°^ ®5 h®H) 

= (pM o {{(pM o {(pM ® Xh) o {M 0 Sh)) 0 Ph) o {im ® Sh ® H) 

= (pM o {{<pM o (M 0 n^)) 0 Ph) o {iM ®Sh®H) 

= (pMO {(pM ® Ph) o {iM ® {{{sh o Ph) 0 FF 0 FF) o Sh^h o {vh ® FF)) 0 FF) 

= (pM o {(pM ® Ph) o {iM ® ((FF 0 {eh o Ph) 0 FF) o {{ch,h o Sh o pn) ® Sh)) 0 FF) 

_ ^ 

= (pMO {(pM ® {pH o {{pH o (n^ ® FF)) 0 FF))) o {iM 0 {ch,h o6ho Ph) ® H ® H) 

_ 

= (pM o {(pM ® {pH o (IIjj 0 Ph))) o {iM ® {CH,H oSh o Ph) 0 FF 0 FF) 

= (pM o {(pM ® {{{£h ° Ph) 0 FF) o (FF 0 Sh))) o {iM 0 {ch,h o 6h o Ph) ® Ph) 

= (pM o {(pM 0 FF) o (AF 0 ((n|j 0 FF) o Sh)) o (im ® Ph) 

= (pM o {iM ® Ph), 

where the first equality follows by the definition of Vm, the second and the fourth ones follow by (l25]l . 
the third one relies on the definition of qM, and the fifth one is a consequence of (b3) of Definition 
o In the sixth one we used the definition of n|^ and the seventh and the eleventh ones follow by the 
naturality of c. The equalities eighth and tenth are consequence of ([5]), and the ninth one follows by 
Ph o {{ph o (n^ 0 FF)) 0 FF) = pn o (E^ 0 pn)) (this equality holds by (|T^ and by (ITOl) . more concretely, 
by n|^ o Ylfj = Ejj). Finally, the last one relies on (b5) of Definition 13. II □ 

Definition 3.3. Let FF be a weak Hopf quasigroup and let {M,(pM, Pm) and {N,(pH, Pn) be right-right 
FF-Hopf modules. A morphism / : M —FF in C is said to be FF-quasilineal if the following identity holds: 

dgff o{f®H)= (31) 

A morphism of right-right FF-Hopf modules between M and A^ is a morphism f : M ^ N in C such that 
is both a morphism of right FF-comodules and FF-quasilineal. The collection of all right FF-Hopf modules 
with their morphisms forms a category which will be denoted by 
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If Pm) is an object in for x H, , pm^oh the identity 

(32) 

holds (see Proposition 4.12 of El)- Then, as a consequence, we can prove (see Theorem 4.13 of El) 

Theorem 3.4. (Fundamental Theorem of Hopf modules) Let H be a weak Hopf quasigroup and assume 
that {M,(j)M T Pm) is an object in the category Then, the right-right H-Hopf modules {M,(j)M,PM) 

and (M“^ x H, ipj^coH p]\jcoH y^fj) are isomorphic in Ai^. 


From now on we assume that C admits coequalizers. With Ch[^ we will denote the category of right Hl- 
modules, i.e., the category whose objects are pairs {N, ippf) with N an object in C and ipN : —)• N 

a morphism such that tp]^ o (^N 0 phl) = '4’n o (V'JV <8 H^), o (TV 0 PHl) = idw- A morphism 
/ : {N, iPn) —>■ (P, ipp) in Chl is a morphism f : N ^ P inC such that tpp o (/ 0 H) = / o ippi. Note that 
the pair (iJ, ipp = pp o [H ®ip)) is a right iVi-module. 

Let (Njtpp) be an object in Ch^ and consider the coequalizer diagram 

. np 

N(E)Hl(8>H _^ TV (g) P - N H 

N (g) (fip (33) 

where (pp = Ph o (zl ® H). By (fTHl) we have 

{np (g 7L) o {ipp (g) Sp) = {{np o (TV ig) (pp)) (g TL) o (TV (g TL/, ig) Sp) = {np g TL) o (TV g {6p o pp)) 


and, as a consequence, there exists a unique morphism pp^h^ p : TV (E)p^ H —>■ (TV (i^p^ H)® H such that 

Pn^hj^h o np = (np ® H) o {N ® 6p). (34) 

The pair (TV gj^^ H, ppt^^ p) is a right iL-comodule. Indeed: Trivially, ((TV g//^ H) g ep) o pp^^ p = 
idp^H^H because composing with np we have 

((TV ®p^ H) g ep) o pp0hi^h onp = {np g ep) o (TV g Sp) = np. 

Moreover, {pp(s,h^h ® H) o pp^^^H = {{Ai ®Hl H) ® dp) o pp(g,H^p follows from 

iPN0Hi^H ® H) o pp^ij^p onp = {np g Sp) o (TV g Sp) = ((TV ®p^ H) g Sp) o ppi^^i^H o np. 

On the other hand, by (fTSl) we have 

np o {ipp g yip) =np o{N ® {pp o {i^ g pp))) = np o {N ® {pp o {pp g H))), 


and then, if the functor — ® H preserves coequalizers, there exists a unique morphism 

4>N0hi^h ■ {N ®p^ iJ) g iJ — >• TV ®p^ H 

such that 

4>n«,h^h o {np ® H) = np o {N ® Pp). (35) 

Trivially, (pp^uj^H o {{N ®p^ H) g rjp) = idp<g,H^H because 

o {np g Pp) = np o {N ® {pp o {H ® pp))) = np. 

Then, if the functor —®H preserves coequalizers, the triple {N ®p^ H,(l)p^^^p, pp^^^p) is a right- 
right iL-Hopf module. Indeed: By the previous reasoning conditions (bl) and (b2-l) of Definition 13.11 
hold. Composing with np g H and using (l34l) . (l3^ and (al) of Definition 12.21 we have 

PNigiH^H ° 4>n®hi^h o {np ® H) = {np g iV) o (TV g {Sp o pp)) = {np g iJ) o (TV g {{pp g pp) o Sp,^p) 

= g Th) o {{N gffi H) g cp^p ® H) o {{pp^hi^h o np) g Sp), 

and then (b2-2) of Definition [ST] holds. Also, by (a4-6) of Definition 12.21 and (l35ll we obtain 

4'N®H[^Ho{4>N^HLH^^H)o{np®Sp) = npo{N®{ppo{pp®Xp)o{H®Sp))) = npo{N®{ppo{H®Ilp))) 

= o {np g n^) 
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and then (b3) of Definition 13.11 holds. Similarly, by (|55|) and (a4-7) of Definition 12.21 we get (b4) of 
Definition 13.II The equality (b5) of this definition is a consequence of (l3^ and (fT^ . 

Note that, by il, (ESI, we obtain that 

oriN = o {N (36) 


Also, 


h 




(37) 


because by EH), (1551) and (IT5]) . 

^n^hj^h o{nN^H) = nAro(A^(8)(/r//o(nj:^®^//)o((5^(8)i7))) = un o {N ® fin) = (I^n^hi^h o {un ® H). 

On the other hand, if / : A^ —> P is a morphism in Chl ^ we have that 

np o {f ® H) o {ijjN O 77) = np o (/ (g) 77) o (A^ (g) ipp) 
and, as a consequence, there exists an unique morphism / ®Hl 77 : N ®Hl H ^ P ®Hl H such that 

np o {f ® H) = {f H) ouN- (38) 

The morphism / ®Hl 77 is a morphism in J\4% because by (IMl) . (1551) . (1571) and (1551) 

Pp^hj^h o (/ ®Hl 77) o pjv = (np ® H) o {f ® Sp) = ((/ ®Hl 77) ® 77) o pn^^h^h ° 


and 

^p®h^h ° ((/ ®Hl 77) ® 77) o {np ® H) = 4>p^hlH ° ((/ 77) ® 77) o {un ® H) = np o {f ® p^p) 


= (/ H) o (j)N 0 H^H o {np ®H) = {f ®P^ 77) o 4>n®h^h ° ® ^)- 

Summarizing, we have the following proposition: 


Proposition 3.5. Let H be a weak Hopf quasigroup such that the functor — (g 77 preserves coequalizers. 
There exists a functor 

F : Cpj^ 

called the induction functor, defined on objects by F^^Nj'ifp)) = {N ®p^ H,<fp^^^p, pp^^^p) and for 
morphisms by F{f) = f ®p^ 77. 

Definition 3.6. Let 77 be a weak Hopf quasigroup. With SM^ we will denote the full subcategory 
of Aip whose objects are the right-right 77-Hopf modules {M,4)m, Pm) such that the following equality 
hold: 

<pM o o {M ® ip)) ® H) = 4 >m o {M ® {pp o (ip ® Ft))). (39) 

The objects of SM^ will be called right-right strong 77-Hopf modules. 

By (|19l) we obtain that (77, = pp,pp = Sp) is a right-right strong 77-Hopf module. Note that if 

77 is a Hopf quasigroup, ( 1551 ) holds because ip = rjp (see Theorem 1 of [ 12 ] )• Then in this particular 
setting SM^ = Af|f. Also the previous equality holds trivially for any Hopf module associated to a weak 
(braided) Hopf algebra (see Section 3 of (Tj). 

Proposition 3.7. Let H be a weak Hopf quasigroup such that the functor — (g) 77 preserves coequalizers. 
The induction functor F : Cp^ -^p factorizes through the category SM^. 

Proof. We must show that for any (TV, ifp) G Cp^ , the triple (TV ®p^ 77, (fp(^„^p, Pn^hi^h) is an object 
in SM^. First note that if — ® 77 preserves coequalizers then — ® Hp preserves coequalizers, and (E51) 
holds because by ([ 551 ) and (1T91) 

o ii'fp 0 HLH ° (np ® ip)) (g 77) = np o (TV (g) {pp o {{pp o (77 g) ip)) ® 77))) 

= np o{N ® {pp o (77 0 {pp o {ip 0 77))))) = 4>p^„^p o {np 0 {pp o {ip 0 77))). 

□ 
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Let (M, be a right-right iL-Hopf module. If M is strong, the pair 

= m O </>M O {iM ® II)) 


is a right iJi-module. Indeed: Trivially ipj^^coH o (M“-^ (g) rjHL ) = idM coH . Moreover, 

o (V'm coH ®Hl) 

= Pm °4>m o o {(pM (8> A//) O (iM ® (Sh o ii))) 0 iz,) 

= PMO(j)MO o (^M ® Zl)) 0 ih) 

= Pm°(I)mo (*m ® (/rzz O (iz, 0 zl))) 

= o (8> /:izZi). 

The first equality follows by (ESI) , the second one by (b3) of Definition 13.11 the third one by (I5S1) . and 
the last one by the properties of /izr^, • 

Let g : M ^ T he a morphism in SM^. Using the comodule morphism condition we obtain that 
_^ 

PTogoiM = {T®hlu)opTogoiM and this implies that there exists a unique morphism g‘^°^ : M‘^°^ —)• T‘^°^ 
such that 

*T o 5™'^ = goiM- (40) 


Then, by (HUl) and (PSI) . 


zto 5 ™^ opM = goqM = go 9 m " = °g = qT°g 


and, as a consequence, 

g‘'°^ opM = Pt o g- (41) 

On the other hand, for any right-right iL-Hopf module M, by (l29l) . we know that Vm = V^. Then 
composing with (pM ° (zm ® H) in this equality and using (IMl) we get the equality 

(I^M o {iM ® H) = o {iM ® H)- (42) 

Therefore, by (1411) . (H^ and (HO)) we obtain that g‘^°^ is a morphism of right iLz,-niodules because: 
9“”^ o = Pt ° g o (I^m ° {iM ® iL) = Pt o g o o {iM ® iL) = Pt o o {{g o iM) ® iL) 


= PtO o {{iT o g^°^) (g) iz.) =PTO(j)TO {{iT o g^°^) (g) iz.) = ° (^^'^ ® Hl). 

Thus, in this setting we have the following result. 


Proposition 3.8. Let H be a weak Hopf quasigroup. There exists a functor 

G : SM^ —> Chl, 

called the functor of coinvariants, defined on objects by G{{M, (j)Mj Pm)) = {M‘^°^ , ipj^^fcon) and for mor- 
phisms by G{g) = 5 “^. 

Proposition 3.9. Let H be a weak Hopf quasigroup such that the functor — (g> H preserves coequalizers. 
For any {M,(j)M, Pm) €SM^, the objects M'^°^ andM‘^°^xH are isomorphic right-right H-Hopf 

modules. 


Proof. First note that PM'=°H^fj o {tpj^coH (g) H) = Pm'=°h^h o (g) ipn) because 

Vm o (V'm coH ®H) 

= {pM ® H)o Pm o (j)M o {fqM o(j)M o {iM ® iL)) ® H) 

= {pM ® H) o Pm o 4 >m o {{4 >m o {4>m ® Azz) o {iM ® {Sh o zl))) ® H) 

= {pM ® H)o Pm o (j)M o {f(j)M o (zM ® Zi)) ® H) 

= {pM ® H)o Pm o (j)M o {iM ® {pH o {iL ® H))) 

= Vm o (M“^ (g) (fn). 

The first and the last equalities are consequence of the definition of Vm- The second one follows by 
((001) . the third one by (b3) of Definition 13.11 and the properties of 11^. Finally, the fourth one relies on 

dSi). 
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Let t : ig) H —y P b© Si morphism such thst t o (^ipjii^coH (S) H) = to (M“^ (8> (ph). Put t' : 

^ jj ^ p defined by t' = t o ij^ccH^u. Then 

t' o Pm“>h<s,h = toV m = t 

because 


t o Vm 

= to {{pM o (j)M) (g) iL) o (iM ® Sh) 

= to ({pm o (jjM) ® H)o {iM ® {{^H ® H)o Sh)) 
= to ® H) o {M‘^°^ (g) {{pl ® H)o Sh)) 

= t o ® {U^ * idn)) 

= t. 


Applying (1771) we obtain the first equality. The second one relies on The third one follows by the 
definition of -i/ijvfcoH and the fourth one by the properties of t. Finally the last one is a consequence of O- 
The morphism t' is the unique such that t' o Pm'=°h^h = t because if r : M'^°^ x H ^ P satisfies 
r ° Pm'=°^isiH = composing with we obtain r = to Imi^oh^h = Therefore, 

tpM^^^ ® P 

McoH h 


McoH ^ p 




X H 


M‘^°^ ® PH 

is a coequalizer diagram and as a consequence there exists an isomorphism 

SM ■ ®H, H M'^°^ X H 


such that 

~Pm‘^°^®h- (43) 

The morphism sm belongs to the category of right-right iL-Hopf modules. Indeed: It is a morphism 
of right iJ-comodules because composing with Um^^h and using the equalities (H51) . (051) we have 


Pmcoh^h o Sm o umcoh — pm<:°h y^H o Pm‘^°^®h — {Pm'='’^ ® H) o {M‘^°^ ® Sh) o Vm 
~ <^h ® ^) ^ (Af ® ^h) — {{sm ^ tim^’^^ ) ® H) o {AI ® Sh) — {sm ® H) o Pm^°^^ht h ^ • 


Moreover, by ([32]) and ((371) we know that = <pM‘°HyH and 4'm'=oh^^^h = As a 

consequence, sm is iL-quasilineal because composing with the coequalizer nM<^°H ® H and the equalizer 
we obtain 


iM'=°^0H o Sm ° ° {um'^oH ® H) 

= ujMO(j)M o {iM ® Ph) 

= uj'M°(t^M o {iM ® Ph) o (Vm 0 H) 

= iM<^‘‘^^H o xh ° ((sm o nM<=°ff) ® H), 

where the first equality follows by (1551) . the second one by (1501) . and the last one by (1551) . 

□ 


Theorem 3.10. For any Hopf quasigroup H such the the functor — ® H preserves eoequalizers, the 
category SM^ is equivalent to the category Chl- 

Proof. To prove the theorem we will obtain that the induction functor F is left adjoint to the coinvariants 
functor G and that the unit and counit associated to this adjunction are natural isomorphisms. Then we 
divide the proof in three steps. 

Step 1: In this step we will define the unit of the adjunction. For any right iLi-module (A^, iPn) define 
un ■ N —>■ GF{N) = {N ®Hl 77)“^ as the unique morphism such that 

iN^Hi^H o UN = nN o {N ® ph). (44) 

This morphism exists and is unique because by (1341) and ([9]) we have 

{iN®HL H)®IlH)opN0HLH°nNo{N®pH) = {nN®^H)°iN®i^HOPH)) = {nN®H)o{N®{SHOpH)) 
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= Pn^h^h o hn o (N ® tjh)- 

Also, it is a morphism in Chl- Indeed: Composing with the equalizer in^hi^h we have 
O O {un ® Hl) 

= QN0Hi^H O (l>N<gHi^H O ((^^Ar O (N ^ TJh)) 0 *l) 

= OUn O {N 0 {flH o {riH 0 il))) 

= qN0Hi^H o UN o (N 0 il) 

= UN O {N 0 o i^)) 

= 71]^ o{N 0iL) 

= nN o{N 0 {p.H o (ii ® Ph))) 

= njv o {ijjM 0 Vh) 

= iN0H^H OUn o -ijjN, 

where the hrst and last equalities follow by (H^ . the secoird one by ((551) . the third and the sixth one 
by the unit properties, the fourth oire by (I36L the fifth one by the properties of and, the seventh one 
is a consequence of the definitioir of N 0Hl H . 

The morphism it tv is natural in N because if / : —>■ P is a morphism in Chl by flO)) . (|4^ . (IM)) we 

have 

° (/ ®Hl HY°^ OUn = {f 0 Hl H) O iN(S)Hi^H OUN = if 0 Hl H) o hn o {N 0 T]h) 

= np o (/ (8> tjh) = oupo f, 

and then (/ 0h^ oun = up o f. 

Finally, we will prove that un is an isomorphism for all right Pp-module N. First note that ipN o 

(tpN 0Pl) = Yn o (N 0 {pl o Ph)) and then there exists a unique morphism niN ■ N 0Hl H ^ N such 

that 

ruN o Un = Yn o {N 0 pp). (45) 

Define xn = mN o N. Then, composing with iN«,H^H and pn^h^h o un 

and using (IMll , (1^ , (l44)l and the properties of we have 

OUN o Xn opN<»H[^H O Hn 
= OUN o rUN O Qn^h^H O Un 

= oun O-lpN O {N 0 {PL O n|^)) 

= riTv O {{Yn o {N 0 pl)) 0 ph) 

= nN o {N 0 {pH o {HY C> Ph))) 

= Qn^hi^h o Hn- 

Therefore, un oxn = id[N®Hi^HY°u ■ Moreover, by (l44l) and ((45l) . 

Xn OUN = Yn o{N 0 {pl o ph)) = idN- 
Step 2: For any (M, (()m-,Pm) S SM^i the counit is defined by 

um = Q^m ° sm : 0Hi^ H ^ M, 

where a~^ = wm o is the inverse of the isomorphism um defined in Theorem 13.41 and sm the 

isomorphism defined in Proposition 13.91 Note that a~jY and sm are isomorphisms in SM^i and then vm 
is an isomorphism in SM^j- Also, vm is the unique morphism such that 

Um O = (pM O {iM 0 H), 

because by (1^ , (b3) of Definition 13.11 the properties of 11^ and (IMl) , 

(pM o {{iM o Ym“>u) 0 H) 

= pM o {{Pm o {Pm 0 Ap) O {iM 0 {6 h o ip))) 0 H) 

= Pmo {{Pm o {iM 0 (n^ o ip))) (g) H) 

= pM o {{Pm o {iM 0 *l)) C) H) 

= Pm o {iM 0 Ph), 


( 46 ) 
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and, on the other hand, by (H51) 

vm o riMaoH = ajJ o sm o riMaoH = wm ° i^'m ° = wm = (t>M o (*M <8i H). 

Step 3: Now we prove the triangular identities for the unit and the counit that we defined previously. 
Indeed: The first triangular identity holds because composing with un we have 

Vn®h!^H O {un H) O nN 

= ° ® H) 

= 4'N<»Hi^H O ° Ujsf) (g) iJ) 

= 4>n<^hj^h o ((njv o (A^ (8> ?7^)) ® H) 

= nNo{N ® [jiH o iVH ® H))) 

= ripf, 

where the first equality follows by (1551) . the second one by (HSl) . the third one by (ITil) and the fourth one 
by (1351) . The last one follows by the properties of the unit t]h- Finally, if we compose with applying 
(HOl) . (l44l) and (l4^ we obtain: 

*M o O 

= Vm o ° um’^oh 

= vm o Umcoh o ( 8 > tjh) 

= (j)M O {iM ® Vh) 

= in, 

and then o UM‘=°ei = . 

□ 
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